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A Proofs

Proof of Lemma 1. See the proof of Theorem 1 in Chambers (1999).

Lemma 2 (Supplementary model).

The exact discrete-time model under our observed vector xz;, that holds fort = 1,...

evolves according to the discrete-time vector error correction model representation

rp = G1y(0) + M,
Axyp, = At(a)xthfh + T1(0)Axth,h + TQ(H)AJZth,Qh + -
+Tt—2(9>A$2/h+th(0) +Tlth7 t= 27"‘7k7

where
t—1
I=1,...,t—2,
M=+ +J-1—1, Tl:_zjja
S t=3,...,k,
h 1 A h 1 A
77h251/0 =94 (ds), M2k 251,2h+01252/0 e1=9)A¢*(ds),
-1
J1 = C1q, Ji 20122052_1C21, t=2,...,k—1,
j=1

’k}

(A1)
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Gi = S1e?, Gy =C120% %S0 t=2,.. .k,

=3 h
M = €1en + C12 Y Choeath—n—jn + C12C55°Ss /0 e1=94¢*(ds), t=3,...,k
=0

Proof of Lemma 2. See the proof of Theorem 2 in Chambers (1999).

O
Lemma 3 (Moving average representation of ny,).
The moving average representation of the discrete-time disturbance vectors is given by
j—1
nth:ZPiEth—im j:17"'7k7
i=0
1 (A.2)
Nth = ZRiEth—ihv L= (k+1)7>Ta
i=0
where
Py = 51, PL‘2012C§51S2, i=1,...,k—1,
Ry = 54, Ri2012(M1iS1+MZ‘+152), i=1,...,k—1,
M =My My --- My,
My =[Myy Mg -+ M)
Also, if we define the nT x 1 vector n = [(ny), (n2r)’s -+, (nrn)'], then, its autocovariance
representation is given by
Q= E[m], (A.3)
where
t—1
E[nth(nthfjh)/] :Qt,t—j = ZPzQE(P’L—j)/7 t= 17"'ak7 .7 :07"'at_ 17
i=j
k—1
E[nth(nthfjh)/] :Qt,t—j = ZRZQE(PZ—])/v t=k+1,....2k=1, j=t—Fk,....k—1,
i=j

k—1
E[nth(nthfjh)/] :Qj = ZRiQE(Ri—j)ly t=k+1+y3,....T, 7=0,....k—1,
i=j

E[nth(nth—jh)/] :07 t:k+277T7 j>k—17



and
h /
Q. = Elewel) :/ eAsnrel'sds,
0
with ¥* = C*(C*)'.
Proof of Lemma 3. See the proof of Theorem 3 in Chambers (1999).

g

Proof of Theorem 1. The first part of the proof closely follows the proof of Proposition 7
in Comte (1999). Multiplying the EC form in (4) by a and o, respectively and noting that

Ao = af’ and o/ & = (), gives

—d'af'z(t) + o' ¢(D)Dx(t) a'u(dt) (A.4)
o ¢(D)Dxz(t) = o u(dt). (A.5)

Since the system is not invertible in = and Dx, we define new variables
Z(t) = (8'8)"Ba(t), V()= (BLBL)BLDx(t). (A.6)

If we further define 3 = B(8'8)~! and B, = B, (B BL)"", then the full rank n x n matrix
R = (B, 1) satisfies R(R'R)"'R' = I, so that 83’ + BLBS_ = I,,. This implies that

Dir(t) = (B + BB} )Dalt) = BDZ(E) + LV (1) (A7)
Substituting in and noting that 'z(t) = 8/8Z(t), we have

—a'a(B'B)Z(t) + o/¢(D)BDZ(t) + ' ¢(D)BLV () = o'u(dt) (A.8)
o/ §(D)BDZ(t) + o/ p(D)BLV(t) = o u(dt). (A.9)

Then, we can express the system using a lag polynomial so that P(D)(Z(t),V(t)) =
(v, g )'u(dt) with
P(D) _ (-Oz’a(ﬁ’ﬁ) + 0/¢<D)BD a/(b(D),@J_) . (AIO)
o' ¢(D)BD o) ¢(D)BL

It can easily be verified that det(P(0)) = (—1)" det(c/a)det(5'B) det(a/, ¢(0)3,) which is
nonzero due to Assumptions 4 and 5. For z # 0, we can write P(z) = (a, )’ P(2)(8,8./2)
so that

det(P()) = —— det((a, a1 )) det(P(2)) det((5, B1)). (A.11)
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We conclude that P(z) has the same roots as P(z) except for the null ones, and the nonzero
roots of P are stable due to Assumption 3. Thus, the transformed system in (Z, V) is stable
and admits a unique causal second-order stationary solution. Now with null initial conditions,

we have

Z(t t =

(t) :/ lexp(A(t — 8)))1x(a, ) u(ds), (A.12)
V(t) —o0

where A is the companion matrix matching the lag polynomial ]5(,2) and the integral is

understood in the mean-square sense. The corresponding impulse-response matrix for x(t) is

denoted by A(z). Its first r rows are determined by the stationary response f(x), while the

remaining rows are obtained by integrating f(x). Thus,

fia@) - fin(@)
. fra(z) o frn(2)
A(I’) - (67 BL) Fr+171($) o Fr_t,_l,n(ﬂf) (Oé, OZL), (Alg)

where F; j(x) = [ fi,j(s)ds. Since A is stable, it holds that lim, o fi j(z) = 0. Moreover,

/OOO flsyds =~ [A7] =), (A.14)

)

using the inverse companion-matrix formula under the sign convention adopted above. Con-

sequently, we have

A(o0) = =B1 (! 6(0)B1) o) = Bu(a) A1BL) o, (A.15)
because ¢(0) = —A;. Since o/, A;(, is nonsingular and a; and ; have rank n —r, it follows
that rank(A(c0)) =n —r, f/A() =0, and A(co)a = 0.

Define A(z) := A(x)—A(co). The stable part of the impulse response decays exponentially,

SO

/Ooo 1A(2)|? de < oo. (A.16)

Since u(ds) is defined on the whole real line, the process

2t (t) = /_t N At — s)u(ds) (A.17)

is well-defined in the mean-square sense and is second-order stationary.



Now define U(t) := u((0,¢]) and the permanent component M (t) := A(co)U(t). For
0 < s <t, it holds that
M(t) — M(s) = A(co)u((s,t]). (A.18)

Assumption 1 states that E(u((s,t]) | Fs) = 0. Therefore,
E(M(t) = M(s) | Fs) = A(0) E(u((s, t]) | Fs) = 0. (A.19)

Thus, E(M(t) | Fs) = M(s), and M(t) is a square-integrable martingale.

Finally, the solution for null initial conditions can be written as

x(t) = M(t)+2%() (A.20)
— A(s)U(1) + L At = s)u(ds). (A.21)
0

Proof of Theorem 2. By Lemma 1, the sampled process x;; admits as its exact discrete-time
representation a finite-dimensional Gaussian VAR in error-correction form. Under Assump-
tions 3-5, this representation is an I(1) cointegrated system with cointegration rank r, while
Assumption 6 guarantees that II, T'1,...,['yx_1, and ny are well defined. By Assumption 2,
the innovations are Gaussian. The defined parameter space is 8 € © and the sample is de-
noted by x. log L(x,0) is a measurable function of x for all § € © and dlog L/00 exists and
is continuous in an open neighborhood of 6y. Further, log L(f) attains a strict local maxi-
mum at #y. Under Assumption 8, 9%log L/9000" exists and is continuous in an open convex
neighborhood of 3. Hence the Gaussian likelihood associated with the exact discrete-time
representation satisfies the standard regularity conditions for maximum likelihood estimation
in correctly specified cointegrated Gaussian VAR models; see Theorem 4.1.3 in Amemiya
(1985) and Theorem 3.3 in Newey and McFadden (1994). In particular, it holds that 6 2 6.

Since 6 is an interior maximizer of the log-likelihood,

Olog L
00

= 0. (A.22)

0

A mean-value expansion around 6y yields

dlog L
00

_ Olog L
i 00

0?log L a
T 0 —6p),
0 0000 ‘ 9*( 0)

(A.23)



where 6* lies between 6 and 6. Rearranging gives

VT (0 - 0p) = — [1 sy (A.24)

g dlog L
T 0000

VT 06

Again by Theorem 4.1.3 in Amemiya (1985) and Theorem 3.3 in Newey and McFadden
(1994), applied to the correctly specified Gaussian likelihood,

o

1 JdloglL

d
— =21 S N(0,B(6))), A.25
\/T 96 % ( ( 0)) ( )
where
. 1 Olog L dlog L
B = lim FE | = A2
(o) = Jium [T T 90] ’ (4:20)
and, since [N 0o, also 0* 2 6y, so that
1 0%logL| »
— A A2
T 8980, o - (HO)ﬂ ( 7)
with )
1 0%logL
= i — ) A2
Albo) = Jim B [T 9000" GO] (4.28)
Therefore, by Slutsky’s theorem,
V(0 09) % N (0, A(Bo) ™ (60) A(60) ") (A.29)

Finally, under correct Gaussian specification, the information matrix equality implies
B(0y) = —A(6y). Hence, defining

. 1 0%log L
Yoo =~ fim B [T 9000’ 901 ’ (4.30)
we obtain
VT(6—69) % N(0,Z;.0), (A.31)

which proves the theorem.
O

Proof of Corollary 1. Since 5 is known, we can directly compute a suitable orthogonal
complement 3. We now turn to the parameters estimated by maximizing the log-likelihood

derived from the exact discrete-time representation. Without loss of generality, we choose



1

a) =a; —al@a) " & ay, then &é; =0 and

G —a) =—aléd—a)ay, (A.32)

where & = a(@'a)~!. Using the property & P, o which follows from Theorem 2 and the CMT,
we have & & a = a(a’a)™! and finally & Kool

Furthermore, it follows from Theorem 2 that A; & Ay and & = CC’' & CC' = X. Since
Assumption 5 implies that o/, A;3, is nonsingular, the CMT yields

A(co) = B (8L Ai1B1) 7 B Bu(d/ A1BL) e = A(oo). (A.33)

Choosing a common row é of fl(oo) and a fixed informational ordering of the markets to

identify C, it follows that
(A.34)

which concludes the proof.
O

Proof of Theorem 3. Theorem 2 implies that any subset of the ML estimator is normally

distributed. Hence, v = vec(a, A1) is also normally distributed
VT3 —7) % N(0,57h), (A.35)

with covariance matrix %7 ! that can be obtained as a conformable partition of the covariance
matrix 29_01. Now, we turn to the matrix Ao, = A(o0) = B1(c/, A18.) " 1a/| that depends
only on « and A; (and the known cointegration matrix ). Applying the delta method, we

have
VT (vec(Ass) — vee(Ass)) A N(0, Z‘Zio), (A.36)

with 5 (A) 5 (A’ )
1 Ovec(Ax) 10 vec(Ay
EAOO = 9y 27 B . (A.37)

From Vlaar (2004), we know that

ave;i‘fl“) = (AL AL — 1) Hyy (o' Hyy) ' AL ) © AL, (A.38)

where H, isa0-1 selection matrix so that (O/HO/1 ) is non-singular. H, o) selects the remaining

columns and allows for the expression of the orthogonal complement as

o] = Ha’2 - Ha (O/Ha’l)_la,Ho/Q' (A39)

/
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Without loss of generality, we select the first of the common rows and denote the row with
£. We define the selection matrix P that extracts the needed components of A,, so that

é = PA, and have the following convergence in distribution
VT (€—-¢) % N(0, PE;L P). (A.40)

We denote the covariance matrix by 3¢ = PZ;; P
Because the Cholesky factor C' is estimated directly, we know that

VT vec(C —C) % N(0,50), (A.41)

where Y is also a conformable partition of X, L

Now, we need to consider the joint convergence of (é’ Nl ). By ordinary algebra, we have
C—6C=(E-)C+HE(C-O)+ (-9 (C-0).
Since both £ — ¢ and C — C are O,(T~1/?), the last term is 0,(T~'/2). Hence,
VI(EC—€C)=C VT (£—¢) + VT (C—C)+0p(D).
For the derivation of the asymptotic covariance matrix, we need to vectorize the second term:
VTvec((C —€C) =C'VT (E—€) + (In @ &) VT vec(C — C) + 0,(1).
We can apply the multivariate Delta method again and find for the inner product!
VTvec(EC —¢C) & N(o, w),
where
W=C%C+ (I, 23[R +C Zeo(In®) + (I, ®€) Boe C.

Rearranging the terms yields éé’ &N (€C, T~'W). We denote the covariance matrix by
Z=T7'W.
At this point, we again apply the multivariate delta method. For this purpose, we first
define 9 = éC’ and then rewrite IS; so that
£AN2 2
N [€CT; U5

IS5 =

i = @~ S j=1,...,N. (A.42)

!Under Gaussian (or symmetrically distributed) errors the cross-cumulant terms vanish, implying Y¢ ¢ =
e = 0.



Given that U is an n-dimensional vector with a normal distribution (¢, Z), the estimated
information share is a continuous function of ¥, i.e., IB'; = g;(0) = 19]2 /SN 92

Now, we calculate the gradient ng(’lg). For convenience, let s(J) = YN | 92, We can then
write g;(9) = ﬁ?/s(@) Next, we need to find the partial derivatives of g;(1J) with respect to

each 1§i, R
9g;(9) _ 0 ( V3 (A.43)
vy 90 \s())’

and using the quotient rule yields

~ ~ 092 ~ as(g)
o (91 _ 05— B )
d0; \ s(0) s(19)2 ' '

For i # j, it holds that

J 2029
99;9) _ V5% (A.45)
(9191 8(19)2
and for ¢ = j, we have
(1 205, . 2
095() _ 205 2oiety Ui, (A.46)
0v; 5(0)?
Putting the partial derivatives together, we obtain the gradient vector,
R 20%0,  20%) 205,07 2020
V() = | ——i - -T2 iz U0 205UN) (A.47)
()2 s(9)? s(9)? s(19)?

The delta method approximates g;(J) ~ g;(9) + (Vg;(9))' (9 — ) where ¥ = £C is the
mean vector. Given 9 ~ N (¥, Z), the distribution of IAS;: using the delta method linear

approximation is approximately normal with
155 & N (g;(9). (Vg;(9))' 2V g;(9)) - (A.48)
Standardizing the estimated information share then yields

Is;—1s¢  VT(IS; - 1S5) 4 N0.1) (A49)
V00 296;(0) | [(Vg;(0)WVg;(0) o |

g

Theorem A.2. Under Assumptions 1 to 5 and 7, 8, the estimator 0 obtained by maximizing
the Gaussian log-likelihood computed by the Kalman filter is consistent and asymptotically

normally distributed,
0% 00,  VT(B—6) % N(0,5,1),



where

0o
Proof of Theorem A.2. The CAR(k) process admits the continuous-time state-space rep-
resentation in (6). For observations at ticks ¢t,, 7 = 1,...,T, with durations 6, = t, — t,_1,
the corresponding discrete-time state-space model is

Tr = ZrYr + Vs, Yr = eA(e)éTyT—l +er. (A50)

By Assumption 2, the state innovations are Gaussian. By construction, the measurement
error v, is Gaussian as well. Hence the model is a linear Gaussian state-space system. As-
sumption 7(c) ensures that the covariance matrices of the state and measurement innovations
are nonsingular, so the Gaussian prediction-error decomposition generated by the Kalman
filter is well defined for all § € ©.

Under Assumptions 3-5, the state vector contains an I(1) component with cointegration
rank r. Thus the model is a correctly specified nonstationary Gaussian state-space system.
Assumption 7(b) guarantees that the durations remain bounded away from zero and infinity,

so that the transition matrices e2(9)

7 and the corresponding innovation covariance matrices
are well defined uniformly in 7. By Assumptions 7(a) and 8, the true parameter 6y is iden-
tifiable, lies in the interior of ©, and the matrices A(f), ¥,(0), and 3. -(#), and therefore
also the Gaussian log-likelihood log Ly (0), are twice continuously differentiable in an open
neighborhood of 6.

Because the model is correctly specified and identifiable, the expected Gaussian log-
likelihood is uniquely maximized at 6y. Moreover, by Assumption 7(c), the initialization
affects the log-likelihood only through an asymptotically negligible term. Therefore the nor-
malized log-likelihood based on the Kalman filter has the same limit behavior as the exact
diffuse Gaussian likelihood. Standard arguments for correctly specified Gaussian state-space
models then imply 62 0.

Since 6 is an interior maximizer of the log-likelihood,

Olog Lp
— =0. A51
6 s (A.51)

A mean-value expansion around 6y gives
dlog Lt 0%log Lt A
0= 0—0 A.52
20 g, 0000 |, (6= o). (4.52)
T

10



where 07 lies between 6 and 6. Rearranging yields

-1
1 (92 log LT

i 0 log LT
T 0000

VT(0 - 6y) = — =0 |,

(A.53)

0r

By consistency, 07 2 6y. Further, standard likelihood theory for correctly specified Gaus-
sian state-space models implies that the score satisfies a central limit theorem and the nor-

malized Hessian converges in probability,

1 Jdlog Lt d
> SN 0,%g,), A.54
\/T 89 90 ( 90) ( )
and )
1 0%log Lt p
—_— by A.
T o000 |, ™ (4.55)
T
where

(A.56)

o
Under correct Gaussian specification, the information matrix equality holds, so the asymptotic

covariance matrix of the score equals ¥g,. Therefore, by Slutsky’s theorem,
A~ d _1
VT(0 - 6o) 5 N(0,%5.)), (A.57)

which proves the theorem. ]

B Algorithms

B.1 Efficient exact discrete-time estimation

The algorithm for a computational efficient ML estimation of the CAR(k) parameters proceeds
as follows:
Let P be a real lower triangular matrix, with positive elements along the diagonal, such
that
PP =Q, (A.58)

where the matrices Pj; (1 =1,2,...,2k— 1,7 =1,2,...,k) are calculated, respectively, from

11



the multiplication of the ith row and jth column of the matrices P and P’ as follows

PllP{l = 11, Pk+1,2 = Qk+1,2<P2,2)_17
Py = Qo1 (P];) 71, Pri1s = (Yr1,3 — Prs12Pi)(Pis) ™",
7 \—1 /
P = Qi (P]) 7Y Piirg = 1k — Por12Pp —

— Pegae—1Pho1 ) (Plp) ™
(A.59)

Pyr_1= Qk,kz—l(Pl:;—l,k—l)_l

PPl = (g — Pea Py — -+ Pop—1,k = Qop—1,6(Ply) "
— Prk-1Pp 1)
and the rest of the matrices P;; (1,7 =k +1,k+2,...,T) are computed recursively from
Qo= Qii = Pyi—pr1Pi sy + Piipro2Pi_pyo + -+ Piilyy,
(i=k+1,k+2,...,7),

/ / /
O = Qit1i = Pipi—kr2Piprikro + Pk BPip1iorgs + - + Pipi Py,

(i=k+1,k+2,...,T—1), (A.60)
Q-1 = Qigk—1i = Pipr—1.:P);, (i=k+1,k+2,...., T —k+1).
Also, let the nT x 1 vector € = [¢],--- , /5] be defined as
Pe =1, (A.61)
so that
o Ele] =0, Eleg'] = Lirxnr,

e Elen) =0,  Elemey,) = Inxn, (t=1,...,T),
o Elepel,] =0, (s#t;s,t=1,...,T).

Then, minus twice the logarithm of the likelihood function L (ignoring the constant) is

given by
nT

i=1

12



where p;; is the ith diagonal element of P and the nT" elements ¢; are computed in 7" vectors

of size n using recursively the following procedure

/
-1
€1 = (6117--~,51n) = I77 M,

/
€9 = (521, e 752n> = Pyl (n2 — Paer),

/

1
& = <€k1, e ,Ekn> = Py (e — Peg—18k-1 — - — Prae1), (A.63)

/

~1
Ek+1 = (€k+1,1, e 75k+1,n> = Py o1 (k1 — Prrkee — -+ — Prt1,262),
! ~1

ET = (ET,la e 75T,n) = Prr(nr — Prr—ier—1 — -+ — Praer—g41)-

Therefore, the Gaussian estimates (@ and 3) are obtained by optimizing (A.62) which,
as mentioned above, due to fact of taking into account the sparse nature of §2 and also the
convergence of the sequence of matrices P; = (P, Py 1, Piyp1) (t=k+1,k+2,---,T),
is efficient.

The optimization procedure can thus be summarized as follows:
(i) Provide initial values for A and X.

(ii) Compute the Hamiltonian © and its matrix exponential e®*. Extract F' and compute
Q. together with Q; (¢t =1,---,2k—1,j =0,--- ,k—1)and Q; (j =0,--- ,k — 1),

from their specifications as given in Lemma 3.

(iii) Given these numerical representations, compute the Cholesky factorization of the matrix
Q (the matrix P).

(iv) For the minimization of £, with this data and allowing the model’s parameters to vary,

obtain € recursively as in (A.63).
(v) Plug P and the new ¢ into (A.62) and calculate L.

(vi) Repeat steps (iv) and (v) until a minimum is achieved and take those § and 3 as the

elements that minimize L.

B.2 Kalman filter for i.i.d. errors

After the Kalman filter is initialized with ag = [/, 0,. .., O]/ and Py = 1000-1,,;,, we recursively
run through the following steps:

13



1. Compute prediction errors

Vr = Yr — Z’T'aT'
2. Compute prediction error covariance

F,=%,+ 2. P, 7.

3. Update the log-likelihood function

L;(0) = L;_1(8) +In|F,| + v . F to,.

4. Compute the Kalman gain
K,=PZ.F~ 1

5. Discretize the model for duration §,. Determine €, and e together by applying
Theorem 1 in Van Loan (1978). Build the Hamiltonian matrix

—-A ¥
6= ;
0o A
0 F’

Qry] = €A6T ((IT + K-,—UT).

and compute

Update the state vector

6. Update the state covariance matrix

Priy = e (I, — K+ Z;) Pr) e + Q.

B.3 Kalman filter for MA(1) errors

For notational convenience, we assume an equally spaced time grid. Extending the analysis
to tick time is straightforward. Relative to the i.i.d. case, the main change is an enlarged

state space. Assume that the measurement error follows a vector MA(1) process:
Tin = Zyin + Vth, Vb = €n + Oepp—p, e ~ N(0,Xe),
where x4, € R, 4, € R™, © € R"*" and
Z = [Iy Opxnr—1)) € R™".

14



The transition equation remains
Yih = €M yn_p + €, etn ~ N(0,8),

with e € R"*7k and Q. € RMExnk,

We define the augmented state

Yth
Yin="1ewm | Wth = €th—h,

Wth

so that Y}, € R™*+27 The augmented transition equation is

Yin = TuYin—n + v, v ~ N(0,Qq),

with
e 00 Q. 0
Ta = 0 0f, Qa = 0 Zev
I, O 0 0

The measurement equation becomes
v =ZaYin,  Za=(Z I, ©)cRMke,

There is no separate measurement noise term.
The Kalman filter is initialized with ag € R™1+27 and

Py = 1000 - Iykson.

A

For an equally spaced grid, the discretized parameters e” and Q. are computed once prior

to filtering, using the Van Loan theorem.
At each step:

1. Compute the prediction error

Vih = Tgp — Lalih.

2. Compute its covariance
Fth == ZaPchc,L'

3. Update the log-likelihood

Lin(0) = Lp—n(0) + In |Eyp| + vj, Fyp o,

15



up to an additive constant.

4. Compute the Kalman gain
Ky = PnZLF,; "

5. Update the predicted state

athrh = Talawm + Kinvg).

6. Update the predicted covariance
Pth+h = Ta((Ink+2n - Kcha)Pth)Té + Qa-

B.4 Kalman filter for endogenous MA(1) errors

To allow for moving-average measurement errors and contemporaneous correlation between

the state innovation and the measurement innovation, consider the state-space system
Tih = ZYih + €th + O€tn—p,

Yth = Fyh—n + €th,

where xy, € R™ denotes the observed process, y;;, € R™ the latent state vector, and F €
R X7k the transition matrix. The measurement matrix is Z € R™™ and © € R™*" governs

the MA(1) structure in the measurement equation.

)0 5)

where @ € R™>" is the covariance matrix of the state innovation, ¥, € R™ ™ is the co-

The innovations satisfy

variance matrix of the contemporaneous measurement innovation, and S € R™*" ig the
contemporaneous cross-covariance matrix. In the present specification, only the first n com-

ponents of the state innovation are allowed to be correlated with the measurement innovation,

so that
S
S = <OO> , Sp € R™*™,

To obtain a standard linear Gaussian state-space representation, define the augmented

state vector
Yth

i = eh c Rnk+2n )

€th—h

16



Then the model can be written as

oy, = Toop—p + Men, Tih = LaQih,
with transition matrix
F 0 0
T.=10 0 0],
0 I, O

measurement matrix

Zo=(2 1, ©).

and state disturbance

€th
nn=|em |,  Var(mmn) = Qu,
0
where
Q S 0
Qo= 1|5 % 0
0 0 O

Given initial values ap and Pj, the Kalman filter proceeds recursively for t = 1,...

follows:

1. Compute prediction errors

Uth = Tth — ZaQth.-
2. Compute prediction error covariance
Fyp, = Z4 Py Z!.
3. Update the log-likelihood function
Lin(0) = Lip—n(0) + I | Fyp| + vy, Fyp o,

4. Compute the Kalman gain
Ky, = Py Z,F, "

5. Update the state vector

ath+n = Tu(awn + Kepvgm,).
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6. Update the state covariance matrix

Punen = To((Inks2n = KinZa) Pir (k20 = KinZa) ) Ty + Q-

C Additional simulation results

C.1 Asymptotic distribution

18



Figure C.1: Asymptotic distribution of the standardized continuous information share. The theoretical
standard normal distribution is drawn as a black solid line.
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C.2 Size and power of diagonality tests

Table C.1: Empirical size and power of the Wald test

Size Power 1 Power 11
p=0 p=0.25 p=0.5
h 10% 5% 1% 10% 5% 1% 10% 5% 1%
N =100 1 0.004 0.001 0.001 0.023  0.018  0.010 0.188  0.113  0.050

1/2 0.029 0.014 0.002 0.463  0.298  0.091 0.993 0.979 0.893
1/4 0.067 0.030 0.002 0976  0.955  0.829 1.000 1.000 1.000
1/8 0.075 0.037 0.004 1.000 1.000 1.000 1.000 1.000 1.000
1/16 0.081 0.037 0.009 1.000 1.000 1.000 1.000 1.000 1.000

N =200 1 0.000 0.000 0.000 0.025 0.010  0.004 0.425 0.229 0.056
1/2 0.020 0.009 0.002 0.844  0.687  0.297 1.000 1.000 0.999
1/4 0.051 0.024 0.000 1.000 1.000  0.995 1.000 1.000 1.000
1/8 0.071 0.022 0.007 1.000 1.000 1.000 1.000 1.000 1.000
1/16 0.076 0.029 0.007 1.000 1.000 1.000 1.000 1.000 1.000

Note: The Wald test is conducted after estimating a CAR(k) model using the unconstrained likelihood. We simulate
data for a two market system with the parameters of our main specification.

C.3 Exact discretization: additional simulations
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Table C.2: Simulation results for the HIS based on a VECM with different lag lengths

N = 100 N =200

h T k=1 k=2 k=T T k=1 k=2 k=T
1 100 —0.070 —0.062 —0.127 200 —0.062 —0.048 —0.092
(0.134) (0.158)  (0.266) (0.094) (0.115)  (0.220)

1/2 200 —0.055 —0.020 —0.073 400 —0.040 —0.006 —0.037
(0.114) (0.134)  (0.230) (0.080)  (0.092)  (0.187)

1/4 400 —0.054 0.001  —0.039 800 —0.050 0.008  —0.020
(0.100)  (0.119)  (0.197) (0.072)  (0.085)  (0.162)

1/8 800 —0.062 0.007 —0.022 1600 —0.066 0.013  —0.024
(0.093) (0.112) (0.177) (0.068)  (0.080)  (0.142)

1/16 1600 —0.078 0.009  —0.028 3200 —0.071 0.012  —0.018
(0.092) (0.112)  (0.159) (0.063) (0.081) (0.133)

The table reports the bias (average deviation from the true value) and the standard deviation in parentheses for 1,000
draws. All values are reported for the first market. The standard deviations for the second market are identical and the
bias is identical up to a sign switch. The true values for the continuous-time information share are (0.8, 0.2).

Table C.3: Simulation results for equal information shares

N =100 N = 200
h T  apis HIS, IS T  apis HIS, IS
1 100 —0.003 —0.003  0.000 200 —0.003 —0.006  0.000
(0.117) (0.176) (0.181) (0.079) (0.127) (0.131)
1/2 200 —0.003 —0.006 0.001 400 0.001  0.003  0.013
(0.087) (0.155) (0.158) (0.059) (0.110) (0.114)
1/4 400 0.002  0.004  0.016 800 0.002  0.005  0.018
(0.073) (0.136) (0.150) (0.051)  (0.098) (0.108)
1/8 800  0.003  0.006  0.022 1600 —0.001 —0.001 0.013
(0.067) (0.126) (0.145) (0.048)  (0.093) (0.107)
1/16 1600 —0.002 —0.003 0.010 3200 0.001  0.002  0.015
(0.064) (0.122) (0.145) (0.043) (0.084) (0.101)

The table reports the bias (average deviation from the true value) and the standard deviation in parentheses for 1,000
draws. All values are reported for the first market. The standard deviations for the second market are identical and the
bias is identical up to a sign switch. The true values for the continuous-time information share are (0.5, 0.5). The CS
and HIS are computed from a VECM(1). The IS¢ is based on an unconstrained likelihood.
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C.4 Exact discretization: off-diagonal elements in A

For this simulation experiment, we use the same parameters as in the main paper except that

we now change the off-diagonal element of A; so that

- A
A = [ 3 1721] , (A.64)
Aro1 =3

and Aj 2 is set to either 1 or 2. Putting nonzero off-diagonal elements on the A; matrix
leads to a much higher contemporaneous correlation of 7y, for the aggregated time series.
The value of the true continuous-time information share remains unchanged. A change in
Aj only alters the scaling factor of A(oo) in a two-market system which is irrelevant when
15°¢ is computed. The CAR(k) model allows us to induce error term correlation by changing
the off-diagonal elements of A; from zero to nonzero while keeping ¥ diagonal. This means
for the continuous-time model that the aggregation effect leads to a higher contemporaneous
correlation at longer sample intervals. Figure C.2 displays the change in the correlation
structure for different choices of Aj21. The values depicted in the figures can be directly

computed from the g matrix.

Figure C.2: Contemporaneous correlation of 7,
This figure depicts the effects of temporal aggregation on the contemporaneous correlation of 7, for different
choices of the off-diagonal elements of A;. The x-axis is represented on a logarithmic scale.
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These results show that the model can generate cointegrated price data with uncorrelated
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continuous-time innovations but correlated discrete-time innovations. It is therefore not nec-
essary to use ultra-high-frequency data to identify market-specific contributions to efficient
price variance. By imposing a diagonal covariance matrix, we can accurately estimate the
market-specific variances at relatively low frequencies and obtain an order-invariant informa-
tion share, while still allowing for substantial correlation in the exact discrete-time innova-
tions. This contrasts with the high-resolution VECM of Hasbrouck (2021), which relies on
ultra-high-frequency observations to reduce contemporaneous correlation in the innovations.

The performance of the price discovery measures in the non-zero off-diagonal setting with
Ay 21 = {1,2} is evaluated in Table C.4. While the relative performance does not change with
respect to the benchmark results reported in Table 1 in the main paper, additional noise in

the system increases the sampling error.

Table C.4: Simulation results for nonzero off-diagonals in the CAR(2) model

Arr =1
N =100 N =200
h T ah7l,1 HISl ISi: T O‘h,i,l HISl IS?
1 100 0.118 —-0.117 —-0.047 200 0.114 —-0.109 -0.021
(0.223)  (0.120) (0.138) (0.153)  (0.088) (0.095)
1/2 200 0.061  —0.075 —0.021 400 0.059  —=0.059 0.001
(0.138) (0.122) (0.120) (0.089) (0.079) (0.078)
1/4 400  0.015 —0.056 —0.005 800  0.011  —-0.053  0.003
(0.096) (0.110) (0.113) (0.068)  (0.080) (0.076)
1/8 800 —0.012 -0.061 —0.003 1600 —0.016 —0.059  0.003
(0.082) (0.109) (0.109) (0.055)  (0.077) (0.075)
1/16 1600 —0.028 —0.068 —0.006 3200 —-0.031 —0.067  0.003
(0.072) (0.106) (0.110) (0.051) (0.077) (0.074)
A1 =2
N =100 N =200
h T a;ul,l HISl ISi: T ah,i,l HISl IS‘{
1 100 0.345 —0.174 —0.042 200 0.337 —-0.166 —0.021
(0.423) (0.626) (0.143) (0.278)  (0.064) (0.107)
1/2 200 0.163 —-0.113 —-0.027 400 0.176  —0.096 —0.002
(0.230) (0.112) (0.134) (0.156)  (0.078)  (0.089)
1/4 400  0.072 —-0.068 —0.008 800  0.067 —0.063  0.000
(0.145)  (0.119) (0.122) (0.100)  (0.086) (0.085)
1/8 800 0.016 —0.060 —0.006 1600  0.009 —0.061 —0.005
(0.108) (0.120) (0.116) (0.076)  (0.089) (0.083)
1/16 1600 —0.017 —0.070 —0.017 3200 —-0.013 —-0.058 —0.002
(0.090) (0.121) (0.119) (0.061) (0.084) (0.082)

The table reports the bias (average deviation from the true value) and the standard deviation in parentheses for 1,000
draws. All values are reported for the first market. The standard deviations for the second market are identical and the
bias is identical up to a sign switch. The true values for the continuous-time information share are (0.8, 0.2). The CS
and HIS are computed from a VECM(1). The IS¢ is based on an unconstrained likelihood. Similar results are obtained
from a constrained likelihood.
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C.5 Exact discretization: CAR(3) results

In this experiment, we turn to a different higher-order model specification, setting k = 3. Note
that the CAR(2) process is not nested in the CAR(3) process. Hence, parametrizations that
satisfy Assumption 6 can be quite different from the main specification used for the CAR(2)

experiments. Here, we generate data according to the following model: a = (—100,200),

6 = (1) _1),5

~300 0 ~10 0 100 0
Ay = , Ay = . Y= . (A.65)
0 —300 0 -10 0 100

Again, the true continuous-time information shares are (0.8, 0.2) and the results can be
compared with the CAR(2) results. As expected, changing the values for Ay does not affect
the performance of the continuous-time information share measure but can influence the
performance of the component shares and the HIS as it changes the MA structure of the
process in discrete time.

The results are reported in Table C.5. The continuous-time information share does not
show any bias for all combinations of N and h. The standard deviations first decrease when
the sampling frequency increases and then increase again when the speed of adjustment in
the discrete-time model becomes too small. The component share and the HIS are biased and
inconsistent since the MA(2) structure of the error terms is ignored in the simple VECM(2).
The standard deviations are substantially larger than those for the continuous-time informa-
tion share at more extreme values of h.

The corresponding results for equal information shares, setting o = (—100,100)’, are
reported in Table C.6. In this setting, the component shares and the HIS are not biased but
the standard deviations are much larger than those for the continuous-time information share.
Again, these results highlight that the continuous-time information share is a more efficient

alternative at high frequencies and provides a data-coherent estimation framework.
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Table C.5: Simulation results for the CAR(3) model

N = 100 N = 200

h T  apis HIS, IS T  apis HIS, IS
1 100 0.001 —0.111  0.020 200 —0.002 —0.098 0.010
(0.182) (0.161) (0.104) (0.119) (0.117) (0.095)

1/2 200 —0.002 —0.059 —0.016 400 0.003 —0.042 0.002
(0.116)  (0.138) (0.124) (0.076) (0.093) (0.082)

1/4 400 0011 —0.015 —0.005 800 0.007 —0.010 —0.007
(0.089) (0.116) (0.132) (0.063) (0.083) (0.103)

1/8 800 0.045 0035 —0.007 1600 0.041  0.042 —0.005
(0.094) (0.113) (0.098) (0.066) (0.082) (0.073)

1/16 1600 0.092  0.057 —0.011 3200 0.090  0.077 —0.008
(0.145)  (0.150) (0.104) (0.106) (0.105) (0.081)

The table reports the bias (average deviation from the true value) and the standard deviation in parentheses for 1,000
draws. All values are reported for the first market. The standard deviations for the second market are identical and the
bias is identical up to a sign switch. The true values for the continuous-time information share are (0.8, 0.2). The CS
and HIS are computed from a VECM(2).

Table C.6: Simulation results for equal information shares, CAR(3)
N =100 N =200

h T ap 11 HISl IS? T Qap 11 HISl IS%
1 100 —0.005 —0.006 0.008 200 —0.003 —-0.003 —0.021
(0.165) (0.204) (0.184) (0.110)  (0.149) (0.147)
1/2 200 —0.005 —0.007 —0.008 400 0.005 0.008 0.009
(0.118)  (0.183) (0.192) (0.078) (0.131) (0.136)
1/4 400 0.006 0.011 0.019 800 0.002 0.005 0.003
(0.098) (0.171) (0.197) (0.069) (0.125) (0.154)
1/8 800 0.004 0.008 0.005 1600  0.003 0.005 0.004
(0.108) (0.192) (0.154) (0.075) (0.142) (0.113)
1/16 1600  0.001 0.003 0.001 3200 0.001 0.002 0.000
(0.169)  (0.265) (0.166) (0.122)  (0.210) (0.133)

The table reports the bias (average deviation from the true value) and the standard deviation in parentheses for 1,000
draws. All values are reported for the first market. The standard deviations for the second market are identical and the
bias is identical up to a sign switch. The true values for the continuous-time information share are (0.5, 0.5). The CS
and HIS are computed from a VECM(2).
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C.6 Exact discretization: five-market system

In this experiment, we extend our model to a five-market system. To do so, we set ¥ = I,
B = (I, —t.), where r =n — 1,

[—2 -2 -2 -2]
2 0 0 0
a=[0 2 0 0], (A.66)
o 0 2 0
L0 0 0 2]
and A; = diag(—3,...,—3). The information shares in this system are equal for all markets.

Since the number of covariance terms in ¥ is quite large and in contrast to the simulations for
a two-market system, we impose the diagonality assumption for the estimation. The results
for N =400 and N = 800 are reported in Table C.7.

Table C.7: Simulation results for equal information shares in a five market system

N =400 N =800
h T Y1 Yo Y3 Y4 Ys T Y1 Y2 Y3 Ya Ys
1 400 0.095 —0.019 —0.029 —0.037 —0.010 800  0.100 —0.020 —0.034 —0.037 —0.009
(0.029)  (0.046) (0.044) (0.042) (0.046) (0.026)  (0.043) (0.042) (0.042) (0.044)
1/2 800 —0.021 0.016 0.006 —0.027 0.026 1600 —0.019 0.010 —0.001 —0.024 0.035
(0.029)  (0.068) (0.082) (0.051) (0.084) (0.027) (0.064) (0.077) (0.046) (0.091)
1/4 1600 —0.063 —0.013 0.033 —0.001 0.044 3200 —0.063 —0.008 0.030 —0.004 0.045
(0.020) (0.060) (0.077) (0.067) (0.074) (0.019)  (0.060) (0.081) (0.059) (0.074)
1/8 3200 —0.063 —0.018 0.040  0.001  0.041 6400 —0.062 —0.023 0.039  0.006  0.039
(0.019) (0.061) (0.082) (0.063) (0.081) (0.018)  (0.062) (0.078) (0.068) (0.076)

The table reports the bias (average deviation from the true value) and the standard deviation in parentheses for 1,000
draws. The true values for the continuous-time information share are (0.2, 0.2, 0.2, 0.2, 0.2). The IS¢ is based on a
constrained likelihood.

There is no sensible way of comparing the 1.5¢ results with the HIS as we would have to
compute it for many orderings and we cannot impose the diagonality assumption directly.
Consequently, we do not compare our results to the discrete-time alternatives. We observe
that the standard deviations improve only slightly from h =1 to h = 1/8 and also doubling
N seems to only have a marginal effect on bias and variance. The reduced precision can
be attributed to a proliferation of parameters which makes the numerical optimization of the
likelihood much more difficult. In the next subsection, we investigate whether the information
shares for a subset of a larger system can be accurately estimated. The motivation for this
analysis is that financial markets are heavily fragmented and not every market can be taken

into consideration due to limited data availability and increasing computational costs.
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C.7 Subsetting a larger system (discrete-time)

We generate data from a five-variable systems and estimate the information shares in discrete
time for a subset of the variables. This is done to investigate whether our analysis can
accurately determine the leading market in a two-variable system although the price discovery

process happens in a larger system. We specify the VECM

Apy = Up—1 + Kz_jl LiApg—i + us, (A.67)
i=1
with K =2, 'y = —0.1]5 and
1 0 0 0 -1
BINE
0001 -1

Using this structure guarantees that both models are driven by one common stochastic trend.

We impose equal information shares for all variables by setting the adjustment coefficient

matrix to ) )
-02 0 0 0
0 —-02 0 0
a=| 0 0 —-02 0 (A.69)
0 0 0 -02
102 02 02 0.2 ]

and setting the error term covariance matrix to a diagonal matrix with equal variance, the
identity matrix in our case. From this system, we only select the first two variables and
compute their information share. The true value is (0.5,0.5) in this system. We vary the
sample size T' and consider either a diagonal covariance matrix (I5) or the non-diagonal

covariance matrix
1 02 05 03 0.1

02 1 04 02 0.1
V=105 04 1 06 0.2

03 02 06 1 0.3

0.1 01 02 03 1

The results are reported in Table C.8 and show that the contributions of both markets

can be accurately determined if a smaller subset is selected.
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Table C.8: Simulation results for a subset of the n = 5 system (discrete-time)

diagonal non-diagonal

T HIS, HIS, HIS, HIS,
100  0.562 0.055 0.570 0.168
(0.139) (0.042) (0.158)  (0.068)

200 0.564 0.045 0.577 0.171
(0.117) (0.034) (0.133) (0.055)

400  0.567 0.034 0.577 0.174
(0.088) (0.027) (0.100) (0.044)

800  0.568 0.025 0.579 0.175

(0.066) (0.019)  (0.077) (0.033)

The table reports the mean HIS value and the standard deviation in parentheses for 1,000 draws. HIS denotes the
average spread. All values are reported for the first market.

C.8 Subsetting a larger system (continuous-time)

In this subsection, we repeat the previous analysis subsetting a n = 5 system in continuous
time. The DGP is the same as the one used to generate Table A4 in the main paper. In
Table C.9, we specify a diagonal and non-diagonal covariance, respectively. In both specifi-
cations, we find that the bias and the standard deviation of the continuous-time information
share reduces if we follow the convergence path in mixed asymptotics. The asymptotic be-
haviour of the discrete-time measures is comparable to the results obtained in the main paper.
In summary, it appears sensible to reduce a larger price system to a smaller subsystem and
thereby also reducing the computational cost. The relative importance of markets can still

be determined with high accuracy.

C.9 Single trading day estimation

In this simulation, we generate data for a single trading day mimicking the data structure in
the empirical application. For the discrete-time measures (CS and HIS), we adjust the model
specification for each discretization parameter. Similar to the high-resolution VECM, we
increase the number of lags with the sampling frequency to cover the same time scale. For the
first discretization choice of h = 1/100, we estimate a VECM(1), continue with a VECM(2)
for h = 1/200 and double the lag length for each doubling of the sample size. CS and HIS
do not seem to gain any precision from the higher sampling frequency. Both measures are
substantially biased. In contrast, the bias of the continuous-time information shares seems to
vanish for higher sampling frequencies. Considering that 1-second data yields a discretization
parameter of h = 1/22500, the simulation results show that the temporal aggegation bias
should not play a major role in our empirical application.

These simulation results can guide us in selecting one measure if HIS and IS¢ disagree.
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Table C.9: Simulation results for a subset of the n = 5 system (continuous-time)

diagonal
N =100 N =200

h T Qap, 11 HIS; IS¢ T Q11 HIS; IS¢
100 0.060 0.117  —0.096 200  0.022 0.050 —0.032
(0.128) (0.201) (0.206) (0.091) (0.164) (0.163)
1/2 200 0.022 0.050 —0.032 400  0.022 0.049 —0.040
(0.091) (0.164) (0.163) (0.065) (0.121) (0.122)
1/4 400 —0.004 —0.001 —0.038 800  0.001 0.009 —0.024
(0.078) (0.145) (0.161) (0.053) (0.105) (0.118)
1/8 800 —0.009 —0.014 —0.032 1600 —0.009 -—0.014 —0.027
(0.069) (0.132) (0.157) (0.049) (0.096) (0.114)
1/16 1600 —0.014 —0.026 0.034 3200 —0.013 —0.024 —0.028
(0.066) (0.126) (0.154) (0.045) (0.088) (0.107)

non-diagonal
N =100 N =200

h T Qp, 11 HIS; IS T Q11 HIS; IS¢
1 100 0.057  0.077 —0.103 200  0.063 0.087 —0.138
(0.171) (0.188) (0.213) (0.113) (0.137) (0.172)
1/2 200 0.018 0.031  —0.055 400  0.022 0.034  —0.058
(0.125) (0.158) (0.164) (0.092) (0.121) (0.128)
1/4 400 —0.003 —0.001 —0.036 800 —0.001 0.003 —0.033
(0.111) (0.144) (0.160) (0.073) (0.099) (0.111)
1/8 800 —0.011 -0.014 —0.025 1600 —0.010 —0.012 —0.031
(0.095) (0.125) (0.145) (0.067) (0.091) (0.107)
1/16 1600 —0.014 —0.019 —0.020 3200 —0.010 —0.012 —0.020
(0.090) (0.120) (0.137) (0.061) (0.083) (0.098)

The table reports the bias (average deviation from the true value) and the standard deviation in parentheses for 1,000
draws. All values are reported for the first market. The standard deviations for the second market are identical and the
bias is identical up to a sign switch. The true values for the continuous time information share are (0.5, 0.5). The CS
and HIS are computed from a VECM(1). The IS¢ is based on an unconstrained likelihood.

Clearly both measures are imprecise if we estimate the respective model for a single trading
day (the standard deviation does not change substantially from kA = 1/100 to h = 1/1600 but
IS¢ is less biased than HIS and the bias decreases with the sampling frequency. Consequently,
the results are in line with our main results for 100 and 200 trading days. This highlights
that we can estimate daily continuous time information share and average them over a longer

sampling period. In contrast, we should not trust the average of biased daily HIS estimates.
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Table C.10: Simulation results for infill asymptotics (single trading day)

N=1
h T Qp 1.1 HISl IS%
1/100 100 —-0.158 —0.281 —0.227
(0.381)  (0.360) (0.347)
1/200 200 -0.166 —0.295 —0.267
(0.380) (0.355) (0.365)
1/400 400 -0.160 -0.262 —0.211
(0.382) (0.360) (0.326)
1/800 800 —0.159 -0.276 —0.158
(0.382) (0.356) (0.292)
1/1600 1600 —0.160 —0.263 —0.111
(0.381)  (0.360) (0.267)

The table reports the bias (average deviation from the true value) and the standard deviation in parentheses for 1,000
draws. All values are reported for the first market. The standard deviations for the second market are identical and the
bias is identical up to a sign switch. The true values for the continuous time information share are (0.8, 0.2). The CS
and HIS are computed from a VECM(k) where k is successively increased with the sample size so that k = {1,2,4,8,16}.
The IS¢ is based on an unconstrained likelihood.
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C.10 Kalman filter approach: additional simulations

Table C.11: Simulation results for the CAR(2) model

N =100 N =200
h T Qap 11 HISl IS? T ap 11 HISl IS%
1 100  0.003 —0.064 —0.113 200  0.001 —0.055 —0.047
(0.119)  (0.135) (0.154) (0.082) (0.093) (0.108)
1/2 200 —-0.013 -0.022 —0.001 400 —0.023 —-0.052 —0.025
(0.081) (0.112) (0.111) (0.058) (0.084) (0.084)
1/4 400 —-0.035 —0.066 —0.032 800 —0.030 —0.053 —0.012
(0.066) (0.103) (0.111) (0.047)  (0.072) (0.075)
1/8 800 —0.035 —0.064 —0.014 1600 —-0.039 —-0.065 —0.010
(0.061)  (0.096) (0.106) (0.042) (0.068) (0.072)
1/16 1600 —0.044 —0.076 —0.019 3200 —-0.043 —-0.072 —0.006
(0.057)  (0.093) (0.106) (0.040)  (0.066) (0.053)

The table reports the bias (average deviation from the true value) and the standard deviation in parentheses for 1,000
draws. All values are reported for the first market. The standard deviations for the second market are identical and the
bias is identical up to a sign switch. The true values for the continuous-time information share are (0.8, 0.2). The CS
and HIS are computed from a VECM(1). Although the data are generated without microstructure noise contamination,
the Kalman filter estimates a full covariance matrix for i.i.d. measurement errors.
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Table C.12: Simulation results for the CAR(2) model in presence of i.i.d. microstructure noise
(w? = 0.001)

N =100 N =200
h T Qp 1.1 HISl ISE T Qp 1.1 HISl ISE
1 100 0.004 —-0.063 —0.115 200 0.003 —0.0564 —0.054
(0.119)  (0.133) (0.156) (0.082) (0.093) (0.117)
1/2 200 —0.003 -0.032 —-0.028 400 —-0.013 -0.039 —-0.028
(0.084) (0.112) (0.114) (0.061)  (0.085) (0.085)
1/4 400 —-0.016 —0.003 —0.031 800  0.025 0.017  —0.010
(0.091) (0.118) (0.114) (0.062)  (0.079) (0.078)
1/8 800 0.182 0.116 —0.012 1600  0.170 0.134 —0.008
(0.162) (0.112) (0.091) (0.111)  (0.077)  (0.064)
1/16 1600  0.389 0.132  —0.006 3200  0.390 0.167 —0.004
(0.270) (0.114) (0.067) (0.188) (0.054) (0.045)

The table reports the bias (average deviation from the true value) and the standard deviation in parentheses for 1,000
draws. All values are reported for the first market. The standard deviations for the second market are identical and the
bias is identical up to a sign switch. The true values for the continuous-time information share are (0.8, 0.2). The CS
and HIS are computed from a VECM(1).

Table C.13: Presence of i.i.d. market microstructure noise and in-fill asymptotics (p = 0.5)

w? =0.001 w? = 0.0001 w?=0
h T HIS,; IS¢ Pu Py HIS,; IS¢ Pu Py HIS,; IS¢ Pu Py
1/100 100 —0.167 -0.114 —0.338 —0.023 —0.132 —-0.031 —0.038 0.016 —0.150 —0.004 0.008  0.026
(0.341) (0.169) (0.142) (0.670) (0.317) (0.162) (0.087) (0.390) (0.298) (0.032) (0.085) (0.066)
1/200 200 —0.161 —0.060 —0.391 0.047 —0.183 —0.011 —0.166  0.030 —0.180 —0.002 0.003  0.018
(0.346)  (0.153) (0.097) (0.453) (0.327) (0.125) (0.064) (0.279) (0.302) (0.020) (0.055) (0.029)
1/400 400 —0.193 —0.030 —0.435 0.039 —0.148  0.002 —0.292  0.009 —0.154  0.002  0.002  0.011
(0.341) (0.129) (0.065) (0.314) (0.346)  (0.094) (0.049) (0.220) (0.306) (0.019) (0.038) (0.021)
1/800 800 —0.176 —0.010 —0.468 0.036 —0.151  0.010 —0.375 0.008 —0.150  0.003  0.001  0.008
(0.355) (0.098) (0.043) (0.229) (0.345)  (0.079) (0.037) (0.174) (0.301) (0.018) (0.027) (0.017)
1/1600 1600 —0.197 —0.013 —0.484 0.034 —0.161 —0.004 —0.426 0.024 —0.155  0.003 —0.001  0.007

(0.353) (0.071) (0.027) (0.141)  (0.355) (0.060) (0.025) (0.128)  (0.308) (0.017) (0.020) (0.015)

The table reports the bias (average deviation from the true value) and the standard deviation in parentheses for 1,000
draws. The true values for the midpoints of the continuous-time information share are (2/3, 1/3). The HIS is computed
from a VECM(k) where k is successively increased with the sample size so that k = {1,2,4,8,16}. p, and p; denote
the estimated innovation correlation for the discrete-time and continuous-time model, respectively.
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Table C.14: Presence of i.i.d. market microstructure noise and in-fill asymptotics (p = 0.5)

w? = (0.001,0.005) w? = (0.0001, 0.0005) Wwr=0
h T  HIS; IS§ Pu on HIS; IS§ Pu on HIS; IS§ Pu on
1/100 100  0.123 —0.135 —0.431 —0.011 —-0.231 —0.064 —0.459  0.005 —0.150 —0.004 0.008  0.026
(0.209)  (0.156) (0.116) (0.690) (0.332) (0.166) (0.115) (0.518) (0.298)  (0.032) (0.085) (0.066)
1/200 200 0.128 —0.082 -0.462 0.037 —0.248 —0.026 —0.482 0.045 —0.180 —0.002 0.003  0.018
(0.218) (0.154) (0.079) (0.535) (0.338)  (0.130) (0.078) (0.354) (0.302) (0.020) (0.055) (0.029)
1/400 400  0.095 —0.049 —0.485 0.045 —-0.291 —0.006 —0.492 0.018 —-0.154  0.002  0.002  0.011
(0.239) (0.126) (0.055) (0.373) (0.325)  (0.107) (0.054) (0.265) (0.306) (0.019) (0.038) (0.021)
1/800 800  0.063 —0.024 —0.491 0.055 —~0.320  0.006 —0.492 0.015 —0.150  0.003  0.001  0.008
(0.278)  (0.106) (0.037) (0.252) (0.305) (0.089) (0.037) (0.212) (0.301) (0.018) (0.027) (0.017)
1/1600 1600 —0.044 —0.017 —0.488 0.035 —0.347 —0.008 —0.496 0.025 —0.155  0.003 —0.001 0.007

(0.331) (0.072) (0.026) (0.149)  (0.297) (0.062) (0.026) (0.132)  (0.308) (0.017) (0.020) (0.015)

The table reports the bias (average deviation from the true value) and the standard deviation in parentheses for 1,000
draws. The true values for the midpoints of the continuous-time information share are (2/3, 1/3). The HIS is computed
from a VECM(k) where k is successively increased with the sample size so that k = {1,2,4,8,16}. py and p;, denote
the estimated innovation correlation for the discrete-time and continuous-time model, respectively.

Table C.15: Simulation results for the CAR(2) model in presence of i.i.d. microstructure noise
(w?/w3 = 0.0001,/0.0005, infill asymptotics)

N=1
h T Qp 1.1 HISl IS%
1/100 100 0.032 —-0.073 0.019
(0.441)  (0.334) (0.159)
1/200 200 0.028 —0.092 0.029
(0.443) (0.339) (0.123)
1/400 400  0.020 —0.134 0.026
(0.451) (0.366) (0.107)
1/800 800  0.005 —0.159 0.031
(0.458)  (0.304) (0.083)
1/1600 1600 0.003 —0.187 —0.010
(0.461) (0.299) (0.056)

The table reports the bias (average deviation from the true value) and the standard deviation in parentheses for 1,000
draws. All values are reported for the first market. The standard deviations for the second market are identical and the
bias is identical up to a sign switch. The true values for the continuous time information share are (0.5, 0.5). The CS
and HIS are computed from a VECM (k) where k is successively increased with the sample size so that k = {1,2,4,8,16}.
The IS¢ is based on an unconstrained likelihood.
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Table C.16: Simulation results for the CAR(3) model

N =100 N = 200

h T  apis HIS; 1SS T  apq HIS; 1SS
1 100 0.034 —0.010 —0.038 200 0.023 0.002 —0.023
(0.141)  (0.173) (0.152) (0.093) (0.122) (0.100)

1/2 200 —0.016 —0.040 —0.035 400 —0.011 —0.025 —0.007
(0.074) (0.111) (0.136) (0.053)  (0.078) (0.094)

1/4 400 —0.021 —0.055 —0.037 800 —0.018 —0.050 —0.011
(0.025) (0.044) (0.133) (0.016)  (0.029) (0.091)

1/8 800 0.004 0.002 —0.027 1600 0001  0.001 —0.007
(0.024) (0.038) (0.122) (0.013)  (0.023) (0.084)

1/16 1600 0.046  0.035 —0.009 3200 0.020  0.022 —0.001
(0.099) (0.105) (0.096) (0.046) (0.063) (0.065)

The table reports the bias (average deviation from the true value) and the standard deviation in parentheses for 1,000
draws. All values are reported for the first market. The standard deviations for the second market are identical and the
bias is identical up to a sign switch. The true values for the continuous-time information share are (0.8, 0.2). The CS
and HIS are computed from a VECM(2).

Table C.17: Simulation results for the CAR(2) model in the presence of MA (1) microstructure
noise (w? = 0.001)

N =100 N =200
h T Qp 1.1 HISl IS% T Qp 1,1 HISl IS?
1 100 0.002 —0.064 —0.032 200  0.001 —0.056 —0.004
(0.119) (0.133) (0.148) (0.082) (0.093) (0.103)
1/2 200 —-0.008 —0.038 —0.013 400 —0.018 —0.046 —0.018
(0.082) (0.111) (0.115) (0.059)  (0.084) (0.086)
1/4 400 —-0.001 —0.023 —0.025 800  0.006 —0.005 —0.005
(0.083) (0.114) (0.117) (0.057)  (0.077) (0.080)
1/8 800  0.125 0.090 —0.008 1600  0.115 0.103  —0.006
(0.134)  (0.116) (0.109) (0.092) (0.082) (0.078)
1/16 1600  0.297 0.132 —-0.013 3200  0.299 0.166  —0.006
(0.224) (0.117) (0.102) (0.157)  (0.061) (0.067)

The table reports the bias (average deviation from the true value) and the standard deviation in parentheses for 1,000
draws. All values are reported for the first market. The standard deviations for the second market are identical and the
bias is identical up to a sign switch. The true values for the continuous-time information share are (0.8, 0.2). The CS and
HIS are computed from a VECM(1). The MSN dynamics are governed by the coefficient matrix © = diag(0.25,0.25).
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Table C.18: Simulation results for the CAR(2) model in the presence of endogenous MA(1)
microstructure noise (w? = 0.001)

N =100 N =200
h T Qp 1.1 HISl IS? T Qp 1.1 HISl IS?
1 100 -0.011 -0.082 —0.007 200 —0.014 —0.066 —0.004
(0.121)  (0.131) (0.046) (0.086) (0.104) (0.040)
1/2 200 —0.022 —-0.049 —0.025 400 —0.037 —0.064 —0.035
(0.080) (0.115) (0.126) (0.053)  (0.083) (0.088)
1/4 400 -0.011 -0.021 —-0.010 800 —0.018 —0.027 —0.008
(0.082) (0.113) (0.102) (0.055) (0.083) (0.076)
1/8 800  0.089 0.076 0.001 1600  0.095 0.095 —0.001
(0.120)  (0.128) (0.036) (0.093) (0.089) (0.013)
1/16 1600  0.306 0.137  —0.001 3200 0.311 0.170  —0.001
(0.223) (0.124) (0.001) (0.154)  (0.061) (0.007)

The table reports the bias (average deviation from the true value) and the standard deviation in parentheses for 1,000
draws. All values are reported for the first market. The standard deviations for the second market are identical and the
bias is identical up to a sign switch. The true values for the continuous-time information share are (0.8, 0.2). The CS and
HIS are computed from a VECM(1). The MSN dynamics are governed by the coefficient matrix © = diag(0.25,0.25).
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D Additional empirical results

D.1 Preliminary analyses

Figure D.1: Volatility signature plots (IBM)
The figure depicts the volatility of the NYSE and NASDAQ returns. The x-axis is log-scaled.
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Figure D.2: Volatility signature plots (NVDA)
The figure depicts the volatility of the NYSE and NASDAQ returns. The x-axis is log-scaled.
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Table D.1: Percentage of sampling intervals without price changes.

Ims 10ms 100ms 500ms 1s 5s 10s 30s 1m Sm 10m 20m  30m
IBM
NYSE 0.999 0.996 0.964 0.848 0.738 0.332 0.174 0.058 0.038 0.019 0.014 0.011 0.008
NASDAQ 0.999 0.995 0.961 0.840 0.727 0.324 0.169 0.056 0.037 0.017 0.011 0.009 0.004
NVDA
NYSE 0.999 0.996 0.963 0.854 0.751 0.388 0.217 0.0563 0.016 0.002 0.000 0.000 0.000
NASDAQ 0.999 0.996 0.964 0.855 0.750 0.352 0.171 0.026 0.006 0.001 0.001 0.002 0.000




D.2 Diagonality tests
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Figure D.3: CAR(2) results (IBM), p-values for the diagonality hypothesis

This figure depicts the p-values corresponding to the diagonality hypothesis for all trading days from January to
March 2021. The horizontal dashed line indicates the 5% significance level. The p-values below the Bonferroni-
corrected significance level are colored blue while those above are colored black.
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Figure D.4: CAR(2) results (NVDA), p-values for the diagonality hypothesis

This figure depicts the p-values corresponding to the diagonality hypothesis for all trading days from January to
March 2021. The horizontal dashed line indicates the 5% significance level. The p-values below the Bonferroni-
corrected significance level are colored blue while those above are colored black.
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D.3 Robustness checks — exact discretization

Figure D.5: CAR(2) results (IBM), not refreshed, constrained

This figure depicts the daily continuous time information share of the NYSE estimated at different sampling
frequency. The results are obtained from the constrained likelihood forcing the covariance matrix to be diagonal.
The red dashed line indicates the average information share over all trading days (Jan — Mar 2021).
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Figure D.6: High-resolution VECM results (IBM), not refreshed

This figure depicts the daily HIS of the NYSE estimated at different sampling frequencies during the period
from January to March 2021. The vertical bars indicate the daily spread between lower and upper bound. The
red dashed line indicates the average HIS over all trading days. The red shade indicates the average spread
between lower and upper bound of the HIS.

1.00
0.75 L] o s s i * .
° ° L) (78 o o
o olll TI® o e ve® %o %o |*
_______________________ g g By 1 g 8 e 41 5
o0 o o ¢ ] .
()
.
0.50 oo ® .
° ps L )
. .
.
.
0.25 ps
0.00
Jan Feb Mar Apr
(a) 100ms
1.00
.
® ° o ©
0.75 ° ° ole o o ° o o
° o o o (] ) °
* ° (] oo %e
RS R S— Y WUT SN L ob- Lot o [T I UL
Lt ° ° s
o ¢ o0 .
0.50 . L PS i 73 c.
14 [}
.
.
.
0.25
.
0.00
Jan Feb Mar Apr
(b) 10ms
1.00
. .
[ () ¢ o ®
0.75 4 ? ) post R oo 0o oy ol o0
_____________________ elg LI UL [Te o', leve llel 197 1 __
L] °
o o % *? *
[ ] ° °
050 ® .
[ ] ° [ ]
L4 °
0.25 L4
0.00
Jan Feb Mar Apr
(c) 1ms

42



Figure D.7: CAR(2) results (IBM), refresh time, constrained

This figure depicts the daily continuous time information share of the primary listing exchange (NYSE) esti-
mated at different sampling frequency. The red dashed line indicates the average information share over all
trading days (Jan — Mar 2021).
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D.4 Robustness checks — Kalman filter approach

Table D.2: Summary of empirical results: Kalman filter approach with MA(1) errors

common news factor:

HISy ©Ox ©Orog &% &% 00 MISy MISroo CIS Oy Orog &% % 00
IBM
10s  0.493 0.125 0.090 0.206 0.223 0.026  0.004 0971 0.232 0.232 0215 0.239
1s 0478 0.137 0.133 0.351  0.549 0.063  0.068 0.869 0.241 0.256 0.362  0.609
100ms 0.468 0.134  0.139  0.593  0.963 0.107  0.230  0.663 0.242 0.250 0.641 1.034
ticks  0.495 0.288 0.196 1.939  6.700 0.043  0.048 0.909 0.532 0.392 1.911 6.367
NVDA
10s  0.493 0.226 0.208  2.953  0.660 0.036  0.032 0931 0253 0.252 1.801 0.736
1s 0395 0251 0.191 9.580 1.201 0.238  0.181  0.581 0.179 0.188 15.499 0.832
100ms 0.522 0.322  0.296 22.053 2.297 0.530  0.154 0318 0.309 0.324 21.469 2.252
ticks  0.543 0.496 0.413 75.924 6.880 0.218  0.136  0.645 0.489 0.415 73.974 6.864

The table reports the HIS midpoints for the NYSE (HISy) and the rescaled noise variances for both markets (x107%).
e ~ and éT,OQ denote the average autoregressive coefficient of the noise process. To compare the noise levels across
frequencies, we denote the sum of squares by &)]2\, and LD%’ 00 MISy and MIST oq are the market-specific information
shares and CIS is the common information share attributed to the common news factor. The noise levels are computed
for the likelihood function with and without common news factor structure.
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Figure D.8: CAR(2) results (IBM), refresh time, Kalman filter (i.i.d. errors)

This figure depicts the daily continuous-time information share of the primary listing exchange (NYSE) esti-
mated at different sampling frequencies. The vertical bars indicate the daily spread between lower and upper
bound. The red dashed line indicates the average information share over all trading days (Jan — Mar 2021).
The red shade indicates the average spread between lower and upper bound of the information share.
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Figure D.9: CAR(2) results (NVDA), refresh time, Kalman filter (i.i.d. errors)

This figure depicts the daily continuous-time information share of the primary listing exchange (NASDAQ)
estimated at different sampling frequencies. The vertical bars indicate the daily spread between lower and
upper bound. The red dashed line indicates the average information share over all trading days (Jan — Mar
2021). The red shade indicates the average spread between lower and upper bound of the information share.
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Figure D.10: CAR(2) results, refresh time, Kalman filter (i.i.d. errors)
This figure depicts the daily market-specific continuous-time information shares of the NYSE in black and the
NASDAQ in grey estimated at tick time. The continuous-time common information share is depicted in blue.
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Figure D.11: CAR(2) results (IBM), refresh time, Kalman filter (i.i.d. errors), common factor
error

This figure depicts the daily market-specific continuous-time information shares of the primary listing exchange
(NYSE) in black and the NASDAQ in grey estimated at different sampling frequencies. The continuous-time
common information share is depicted in blue.
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Figure D.12: CAR(2) results (NVDA), refresh time, Kalman filter (i.i.d. errors), common

factor error

This figure depicts the daily market-specific continuous-time information shares of the primary listing exchange
(NASDAQ) in grey and the NYSE in black estimated at different sampling frequencies. The continuous-time
common information share is depicted in blue.
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Figure D.13: CAR(2) results (IBM), refresh time, Kalman filter (MA(1) errors)

This figure depicts the daily continuous-time information share of the primary listing exchange (NYSE) esti-
mated at different sampling frequencies. The vertical bars indicate the daily spread between lower and upper
bound. The red dashed line indicates the average information share over all trading days (Jan — Mar 2021).
The red shade indicates the average spread between lower and upper bound of the information share.
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Figure D.14: CAR(2) results (NVDA), refresh time, Kalman filter (MA(1) errors)

This figure depicts the daily continuous-time information share of the primary listing exchange (NASDAQ)
estimated at different sampling frequencies. The vertical bars indicate the daily spread between lower and
upper bound. The red dashed line indicates the average information share over all trading days (Jan — Mar
2021). The red shade indicates the average spread between lower and upper bound of the information share.
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Figure D.15: CAR(2) results, refresh time, Kalman filter (MA(1) errors)
This figure depicts the daily market-specific continuous-time information shares of the NYSE in black and the
NASDAQ in grey estimated at tick time. The continuous-time common information share is depicted in blue.
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Figure D.16: CAR(2) results (IBM), refresh time, Kalman filter (MA(1) errors), common

factor error

This figure depicts the daily market-specific continuous-time information shares of the primary listing exchange
(NYSE) in black and the NASDAQ in grey estimated at different sampling frequencies. The continuous-time
common information share is depicted in blue.
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Figure D.17: CAR(2) results (NVDA), refresh time, Kalman filter (MA(1) errors), common

factor error

This figure depicts the daily market-specific continuous-time information shares of the primary listing exchange

(NASDAQ) in grey and the NYSE in black estimated at different sampling frequencies. The continuous-time
common information share is depicted in blue.
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Figure D.18: CAR(2) results, common factor error, Kalman filter (MA(1) errors)

This figure depicts the daily market-specific continuous-time information shares of the NYSE in black and the
NASDAQ in grey estimated at tick time. The continuous-time common information share is depicted in blue.
The median duration between ticks is 5ms (IBM) and 74ms (NVDA).

100% | |
75%
Series
B cs
50%
I
T
25%
Jan Feb Mar Apr

Share [%)]

0%

Date
(a) IBM
100%
! I i
75%
. Series
IS
© 5o M cs
= [
7] oQ
25%
0%
Jan Feb Mar Apr
Date
(b) NVDA

55



Figure D.19: CAR(3) results, common factor error, Kalman filter (i.i.d. errors)

This figure depicts the daily market-specific continuous-time information shares of the NYSE in black and the
NASDAQ in grey estimated at tick time. The continuous-time common information share is depicted in blue.
The median duration between ticks is 5ms (IBM) and 74ms (NVDA).

100%
75%
Series
B cs
5
I
T
25%
Jan Feb Mar

Share [%)]
2
X

0%

Apr
Date
(a) IBM
100%
75%
. Series
X
= cis
L 50% .
g [
] 00
25%
0% =
Jan Feb Mar Apr
Date
(b) NVDA

56



References

Amemiya, T., 1985. Advanced Econometrics. Harvard University Press.

Chambers, M.J., 1999. Discrete time representation of stationary and non-stationary
continuous time systems. Journal of Economic Dynamics and Control 23, 619-639.
do0i:10.1016/s0165-1889(98) 00032-3.

Comte, F., 1999. Discrete and continuous time cointegration. Journal of Econometrics 88,
207-226. doi:10.1016/S0304-4076(98) 00025-6.

Hasbrouck, J., 2021. Price Discovery in High Resolution. Journal of Financial Econometrics
19, 395-430. do0i:10.1093/jjfinec/nbz027.

Newey, W.K., McFadden, D., 1994. Chapter 36: Large sample estimation and hypothesis
testing, in: Engle, R., McFadden, D. (Eds.), Handbook of Econometrics, Vol.4, pp. 2111-
2245.

Van Loan, C.F., 1978. Computing Integrals Involving the Matrix Exponential. IEEE Trans-
actions on Automatic Control 23, 395-404. doi:10.1109/TAC.1978.1101743.

Vlaar, P.J.G., 2004. On the asymptotic distribution of impulse response functions with long-
run restrictions. Econometric Theory 20, 891-903. doi:10.1017/50266466604205047.

57


http://dx.doi.org/10.1016/s0165-1889(98)00032-3
http://dx.doi.org/10.1016/S0304-4076(98)00025-6
http://dx.doi.org/10.1093/jjfinec/nbz027
http://dx.doi.org/10.1109/TAC.1978.1101743
http://dx.doi.org/10.1017/S0266466604205047

	Proofs
	Algorithms
	Efficient exact discrete-time estimation
	Kalman filter for i.i.d. errors
	Kalman filter for MA(1) errors
	Kalman filter for endogenous MA(1) errors

	Additional simulation results
	Asymptotic distribution
	Size and power of diagonality tests
	Exact discretization: additional simulations
	Exact discretization: off-diagonal elements in A1
	Exact discretization: CAR(3) results
	Exact discretization: five-market system
	Subsetting a larger system (discrete-time)
	Subsetting a larger system (continuous-time)
	Single trading day estimation
	Kalman filter approach: additional simulations

	Additional empirical results
	Preliminary analyses
	Diagonality tests
	Robustness checks – exact discretization
	Robustness checks – Kalman filter approach


